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Cosmi parallax is the hange of angular separation between pair of soures at osmologial
distanes indued by an anisotropi expansion. An aurate astrometri experiment like Gaia ould
observe or put onstraints on osmi parallax. Examples of anisotropi osmologial models are
Lemaitre-Tolman-Bondi void models for o-enter observers (introdued to explain the observed
aeleration without the need for dark energy) and Bianhi metris. If dark energy has an anisotropi
equation of state, as suggested reently, then a substantial anisotropy ould arise at z . 1 and esape
the stringent onstraints from the osmi mirowave bakground. In this paper we show that suh
models ould be onstrained by the Gaia satellite or by an upgraded future mission.
I. INTRODUCTION
In reent times, there has been a resurgent interest towards anisotropi osmologies, lassied in terms of Bianhi
solutions to general relativity. This has been mainly motivated by hints of anomalies in the osmi mirowave
bakground (CMB) distribution observed on the full sky by the WMAP satellite [1, 2, 3, 4℄. While the CMB is very
well desribed as a highly isotropi (in a statistial sense) Gaussian random eld, reent analyses have shown that
loal deviations from Gaussianity in some diretions (the so alled old spots, see [3℄) annot be exluded at high
ondene levels. Furthermore, the CMB angular power spetrum extrated from the WMAP maps has a quadrupole
power whih appears signiantly lower than expeted from the best-t osmologial model [5℄. Several explanations
for this anomaly have been proposed (see e.g. [6, 7, 8, 9, 10℄) inluding the fat that the universe is expanding with
dierent veloities along dierent diretions. While deviations from homogeneity and isotropy are onstrained to be
very small from osmologial observations, these usually assume the non-existene of anisotropi soures in the late
universe. Conversely, as suggested in [11, 12, 13, 14, 15℄, dark energy with anisotropi pressure ats as a late-time
soure of anisotropy. Even if one onsiders no anisotropi pressure elds, small departures from isotropy annot be
exluded, and it is interesting to devise possible strategies to detet them.
The eet of assuming an anisotropi osmologial model on the CMB pattern has been studied by [16, 17, 18,
19, 20, 21℄. The Bianhi solutions desribing the anisotropi line element were treated as small perturbations to
a Friedmann-Robertson-Walker (FRW) bakground. Suh early studies did not onsider the possible presene of a
non-null osmologial onstant or dark energy and were upgraded reently by [22, 23℄.
One diulty of the anisotropi models that have been shown to t the large-sale CMB pattern is that they have
to be produed aording to very unrealisti hoies of the osmologial parameters. For example, the Bianhi VIIh
template used in [23℄ requires an open universe, an hypothesis whih is exluded by most osmologial observations.
An additional problem is that an inationary phase  required to explain a number of feature of the osmologial model
 isotropizes the universe very eiently, leaving a residual anisotropy that is negligible for any pratial appliation.
These diulties vanish if an anisotropi expansion takes plae only well after the deoupling between matter and
radiation, for example at the time of dark energy domination [11, 12, 13, 14, 15℄.
The eet of osmi parallax [24℄ has been reently proposed as a tool to assess the presene of an anisotropi
expansion of the universe. It is essentially the hange in angular separation in the sky between far-o soures, due
to an anisotropi expansion. This all-sky hange in separations an be used as a traer of anisotropi behaviour of
the spaetime metri. This eet has been investigated in the ontext of Lemaître-Tolman-Bondi (LTB) models with
o-enter observers [24℄. In this paper we study the osmi parallax in Bianhi I metris (see also [25℄ for ellipsoidal
universes). We will show that, sine the osmi parallax traes the geodesi of the metri to the present time, it an
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2be used to onstrain the late anisotropi behaviour indued, for example, by the above mentioned anisotropi dark
energy models. This makes it a valuable tool with respet to primary CMB anisotropies whih are frozen at z ∼ 1000.
While nalizing this paper another work analysing the osmi parallax in Bianhi I models appeared [25℄. We will
disuss the main dierenes with this work later on.
II. COSMIC PARALLAX IN BIANCHI I
We onsider a lass of homogeneous and anisotropi models where the line element is of the Bianhi I type,
ds2 = −dt2 + a2(t)dx2 + b2(t)dy2 + c2(t)dz2. (1)
The expansion rates in the three Cartesian diretions x, y and z are dened as HX = a˙/a, HY = b˙/b and HZ = c˙/c,
where the dot denotes the derivative with respet to oordinate time. In these models they dier from eah other,
but in the limit of HX = HY = HZ the at FRW isotropi expansion is reovered. Among the Bianhi lassiation
models the type I exhibits at geometry and no overall vortiity; onversely, shear omponents ΣX,Y,Z = HX,Y,Z/H−1
are naturally generated, where H is the expansion rate of the average sale fator, related to the volume expansion
as H = A˙/A with A = (abc)1/3.
Cosmi parallax is the temporal hange of angular separations between distant soures in the sky aused by large
sale anisotropi expansion [24℄. The soures are assumed to trae the evolution of the osmi expansion (see for
example also [26℄); sine the parallax indued by peuliar veloity is randomly distributed, it an be averaged out of
a large sample and, in addition, dereases with distane from the observer [24℄.
For an o-entre observer in a LTB model the osmi parallax is a pure dipole signal in the sky that might be aeted
by systemati noises like the observer's peuliar veloity and aeleration (the latter indues aberration hanges), even
though an observational strategy using dierent soure samples at dierent redshifts (say, within and outside the void)
would help to disriminate between them. In homogeneous and anisotropi models like Bianhi I we expet the signal
to have a dierent angular distribution, hene being even more preditive.
Let us onsider two soures A and B in the sky loated at physial distane from us observers ~O[A,B] =
(X,Y, Z)[A,B] = (R sin θ cosφ,R sin θ sinφ,R cos θ)[A,B] , where R =
√
X2 + Y 2 + Z2 and (θ, φ) are spherial angular
oordinates. Their angular separation on the elestial sphere reads
~OA · ~OB = cos γ = cos θA cos θB + sin θA sin θB cos∆φ, (2)
with ∆φ = (φA−φB). From now on we will mark spatial separations and temporal variations with ∆ and ∆t symbols,
respetively. If ∆tγ 6= 0 then a osmi parallax arises. In a homogeneous and isotropi model (like FRW) the geodesi
are radial and soures are subjeted to the same radial expansion rate, keeping their angular separation onstant.
On the other hand, if the expansion is anisotropi their spherial oordinates hange dissimilarly in time leading to a
modiation of their angular separation:
− sin γ∆tγ = sin θA cos θB(∆tθB cos∆φ−∆tθA) + cos θA sin θB(∆tθA cos∆φ−∆tθB) (3)
+ sin θA sin θB sin∆φ(∆tφB −∆tφA).
In the limit ∆tφA = ∆tφB = φA = φB = 0 the relative motion is onstrained on the (X,Z) plane and the osmi
parallax redues to (∆tθA−∆tθB) (see Fig. 1). Similarly, on the (X,Y) plane the signal is (∆tφA−∆tφB) (see Fig. 2).
Both in Fig. 1 and 2 we allowed the shear parameters at present to appreiably deviate from 0. This explains why the
osmi parallax is few orders of magnitude larger than the one in [25℄. The main motivation for this will be presented
in the rst paragraph of Setion IV.
The signal is in general a ombination of both the anisotropi expansion of the soures themselves and the hange
in urvature indued by the shear on the photon path from the emission to the observer. In inhomogeneous and/or
anisotropi models photons follow trajetories that, in general, are not radial. However, while in LTB models this
eet on the osmi parallax is enhaned by inhomogeneity (although a FRW desription of null geodesi has been
shown to be fairly good approximation [24℄), in Bianhi I models we onsider in this paper the geodesi bending
for a single soure amounts at most to about 7% (see Appendix A), whih allow us to adopt the straight geodesis
approximation.
The spherial angular oordinates are related to the Cartesian oordinates via φ = arctan (Y/X) and θ =
arccos (Z/
√
X2 + Y 2 + Z2). Therefore their time evolution an be written as
∆tφ =
XY
X2 + Y 2
(H0Y −H0X)∆t (4)
∆tθ =
Z R−2√
X2 + Y 2
[
X2(H0X −H0Z) + Y 2(H0Y −H0Z)
]
∆t, (5)
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Figure 1: Cosmi parallax in Bianhi I models as a funtion of θ for φ = ∆φ = 0 and ∆θ = 90o (this setting orresponds to the
(X,Z) plane), hx = 0.71, hy = 0.725, hz = 0.72, i.e. Σ0X = −0.012 and Σ0Y = 0.009). The time interval is ∆T = 10yrs.
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Figure 2: Cosmi parallax in Bianhi I models as a funtion of φ for θ = 90o, ∆θ = 0 and ∆φ = 90o (this setting orresponds
to the (X,Y) plane), hx = 0.71, hy = 0.725, hz = 0.72, i.e. Σ0X = −0.012 and Σ0Y = 0.009). The time interval is ∆T = 10yrs.
where we made use of the Hubble law in the three artesian diretions ∆tX,Y, Z = X,Y, Z · H0X,Y,Z∆t, valid for
small time span ∆t (whih we assume of the order of deades) relatively to the osmi time.
In spherial oordinates Eqs. (4-5) an be expressed as
∆tφ =
sin 2φ
2
(Σ0Y − Σ0X)H0∆t (6)
∆tθ =
sin 2θ
4
[
(3(Σ0X +Σ0Y ) + cos 2φ(Σ0X − Σ0Y )
]
H0∆t, (7)
where Σ0X,Y,Z are the shear omponents at present as dened at the beginning of this setion, satisfying the transverse
ondition Σ0X +Σ0Y +Σ0Z = 0.
Equations (6-7) desribe a pure quadrupole signal in the φ and θ oordinate, respetively. This funtional form of
the signal is exatly the same as the one expeted for the rst non-vanishing multipole expansion of the CMB large
sale relative temperature anisotropies in Bianhi I model [18℄ (remember we are negleting all peuliar veloities,
inluding our own). By ombining them into the full spherial distane formula (3) the resulting osmi parallax
signal obviously exhibits a more ompliated shape depending on the loation on the sky.
Considering two soures with an initial angular separation suh that (θ, φ)B = (θ, φ)A + ∆(θ, φ) and substi-
tuting Eqs. (6-7) in Eq. (3) we gain the full expression for the osmi parallax in spherial oordinates ∆tγ =
∆tγ(θ, φ,∆θ,∆φ,Σ0X ,Σ0Y , H0,∆t), where the only further onjeture is that H does not vary in ∆t. At rst order,
this seems reasonable for the time intervals under onsideration. Notie that the signal turns out to be independent on
the redshift: soure pairs along the same line of sight undergo the same temporal hange in their angular separation.
This means that aligned quasars would stay aligned. In general of ourse the number density of quasars will hange
so that the number ounts should show some level of anisotropy. This ould provide an additional onstraint on
anisotropi expansions: we will disuss briey this possibility in Set. V.
If there were no anisotropies present at last sattering of ourse a late time anisotropi expansion would marginally
aet the CMB via a late time diretion dependent integrated Sahs- Wolf. Notie that the positional shift of the
soures themselves is a ompletely dierent signal with respet to the bending of light ray during propagation time.
In Fig. 3, Mollweide projetions on the sky of the osmi parallax signal with respet to a xed soure loated on
the north pole and on the (X,Y) plane are shown. As expeted, when the soure is at an equatorial position the
4Experiment Ns σacc ∆t
Gaia 500,000 50µas 5yrs
Gaia+ 1,000,000 5µas 10yrs
Table I: Speiations adopted for Gaia-like and Gaia+ experiments, where Ns is the total number of soures, σacc is the
experimental astrometri auray and ∆t is the time interval between two measurements.
symmetry with respet to the (X,Y) plane is preserved, while when the soure is at the north pole a symmetry with
respet to the (X,Z) plane emerges. In a FRW universe the omponents of the shear simultaneously vanish and so
does the osmi parallax.
III. COSMIC PARALLAX FORECASTINGS
As a next step, we would like to give an insight on whether aurate future satellite astrometry mission will be
able to put onstraints on the anisotropy parameters that are ompetitive with CMB quadrupole onstraints [18℄.
An astrometry mission like Gaia will detet around 500,000 quasars in its 5 years ight time with positional error
σacc =10-200 µas [27, 28℄. Attributing to a Gaia-like experiment the apability of deteting the quasar angular
positions at two dierent time separated by ∆t ≈ 10yrs (i.e. oneiving the possibility of two separated missions or
just a longer one) we an adopt its instrumental harateristis to perform a Fisher matrix analysis. In these Bianhi
I models the osmi parallax signal depends on four parameters: the average Hubble funtion at present, the time
span and the two Hubble normalized anisotropy parameters at present. However, for the allowed range of values,
ontours in the (Σ0X ,Σ0Y ) frame do not depend on the value of H0. Strething the time interval between the two
measurements or improving the instrumental auray would instead have an impat on the nal onstraints. In order
to analyse these dependenies we make use of the Fisher formalism, namely the Fisher Matrix dened as
Fi,j =
∑
l
∂∆tγ(l)
∂Σ0i
1
σ2acc
∂∆tγ(l)
∂Σ0j
, (8)
where all separations are taken with respet to a referene soure and index l runs from 2 up to the number of quasars
Ns to take into aount the spherial distanes to all other soures. In fat, one should notie that the Gaia auray
positional errors are obtained having already averaged over 2Ns oordinates.
We simulated a atalogue of up to 1,000,000 quasars with angular positions (θ, φ) randomly generated from a
uniform distribution on the elestial sphere. We then used the ovariane matrix Cij = (Fij)
−1
to onstrut the error
ellipses with 1 and 2σ ontours in the (Σ0X ,Σ0Y ) plane.The positional auraies should have a mild dependene on
the magnitude. The quasars are expeted to have magnitudes ranging from 12 to 20 and, orrespondingly, auraies
from 10 down to 200 µas, as pointed out in [28℄. We ould have weighted our non-redshift dependent signal with
auraies that are funtion of magnitude. However, for simpliity we adopt a single representative average auray
of σacc =50 µas; it is immediate to resale the nal errors to a dierent auray. We also perform the alulation for
an enhaned Gaia-like mission dubbed as Gaia+ (see speiations in Table III).
The Fisher error ellipse are shown in Fig 4; the onstraints turn out to be of the same order of magnitude of the
CMB limits on the shear at deoupling. The 1σ errors on Σ0X and Σ0Y are 8.3 ·10−4 and 6 ·10−5 for Gaia and Gaia+,
respetively. Although our null hypothesis was hosen to be the friedmannian isotropi expansion (Σ0X = Σ0Y = 0
and H0 = 72 km/s/Mp), due to the linear dependene of the signal on the shear parameters, a hange of the duial
model orresponds to a simple translation of the same ellipse in the frame. Gaia data proessing is inredibly omplex
and the experimental ovariane matrix will probably be at the end non-diagonal. However, the Gaia ollaboration
have not provided yet a quantiation of these orrelations and giving a formal status to it is beyond the sope of
this paper.
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Figure 3: Mollweide ontour plot for osmi parallax in Bianhi I models for one soure xed at two dierent loation in the sky.
Upper panels show the signal for ellipsoidal models (h0Z = 0.72 and h0X = h0Y = 0.71), while in lower panels h0Y = 0.725.
Lighter olours orrespond to higher signal and on the horizontal and vertial axes angular oordinates vary in the range
φ : [0, 2pi] and θ : [0, pi], respetively. The time interval is ∆T = 10yrs.
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Figure 4: Fisher ontours of Cosmi parallax for Gaia and Gaia+ speiations (dashed and solid lines, respetively). The
double ontours identify 1σ and 2σ regions for ∆T = 10yrs.
IV. COSMIC PARALLAX INDUCED BY DARK ENERGY: AN EXAMPLE
The CMB provides very tight onstraints on Bianhi models at the time of reombination [18, 20, 21℄ of order of
the quadrupole value, i.e. ∼ 10−5. Usually, in standard osmologies with a osmologial onstant the anisotropy
parameters sale as the inverse of the omoving volume. This implies an isotropization of the expansion from the
reombination up to the present, leading to the typially derived onstraints on the shear today, namely ∼ 10−9÷10−10
(resulting in a osmi parallax signal of order 10−4µas). However, this is only true if the aforementioned parameters
are monotonially dereasing funtions of time, that is if the anisotropi expansion is not generated by any anisotropi
soure arising after deoupling, e.g. vetor elds representing anisotropi dark energy [12℄.
Motivated by this, we apply the osmi parallax to a spei anisotropi phenomenologial dark energy model
in the framework of Bianhi I models [11, 12℄ (we refer to these papers for details). This desription allows semi-
analytial alulations and represents in a fairly onservative approah more ompliated anisotropi models. Here
the anisotropi expansion is aused by the anisotropially stressed dark energy uid whenever its energy density
ontributes to the global energy budget. If the major ontributions to the overall budget ome from matter and dark
energy, as after reombination, their energy-momentum tensor an be parametrized as:
T µ(m)ν = diag(−1, wm, wm, wm)ρm (9)
T µ(DE)ν = diag(−1, w, w + 3δ, w + 3γ)ρDE, (10)
respetively, where wm and w are the equation of state parameters of matter and dark energy and the skewness
6parameters δ and γ an be interpreted as the dierene of pressure along the x and y and z axis. Note that the
energy-momentum tensor (10) is the most general one ompatible with the metri (1) [12℄. Two quantities are
introdued to dene the degree of anisotropi expansion:
R ≡ (a˙/a− b˙/b)/H = Σx − Σy ,
S ≡ (a˙/a− c˙/c)/H = 2Σx +Σy .
(11)
The reason why the osmi parallax is allowed to be few orders of magnitude larger than the one in [25℄ is based on
the presene of this anisotropi soure arising after deoupling. In partiular, the value δ = −0.1 is not ompletely
exluded by supernovae data, sine it lies on the 2σ ontours of the gamma-delta plane, if a prior on w and Ωm is
assumed [12℄. More phantom equation of state parameters and/or larger matter densities allow for larger value of
delta. In addition, and more in general, time dependent delta and gamma funtions, mimiking for example spei
minimally oupled vetor eld with double power law potential, an esape these onstraints. Our purpose is to use
this parameterization to model a very late-time evolution of the shear, whih is the reason why we linearised the
dynamial solutions around the ritial points as denoted in the following paragraphs.
Considering the generalized Friedmann equation, the ontinuity equations for matter and dark energy and no
oupling between the two uids, the derived autonomous system reads
1
[11, 12℄:
U ′ =U(U − 1)[γ(3 +R− 2S) + δ(3− 2R+ S) + 3(w − wm)]
S′ =
1
6
(9 −R2 +RS − S2){S[U(δ + γ + w − wm) + wm − 1]− 6 γ U}
R′ =
1
6
(9 −R2 +RS − S2){R[U(δ + γ + w − wm) + wm − 1]− 6 δ U},
(12)
where U ≡ ρDE/(ρDE + ρm) and the derivatives are taken with respet to log(A)/3. In what follows we will onsider
for simpliity that wm = 0, i.e. pressureless matter . System (12) exhibits many dierent xed points, dened as the
solutions of the system S′ = R′ = U ′ = 0. Beside the Einstein-de Sitter ase (R∗ = S∗ = U∗ = 0), the most physially
interesting for our purposes are the dark energy dominated solution
R∗ =
6δ
δ + γ + w − 1 , S∗ =
6γ
δ + γ + w − 1 , U∗ = 1, (13)
and the saling solution
R∗ =
3δ(δ + γ + w)
2(δ2 − δγ + γ2) , S∗ =
3γ(δ + γ + w)
2(δ2 − δγ + γ2) , U∗ =
w + γ + δ
w2 − 3(γ − δ)2 + 2w(γ + δ) , (14)
in whih ρDE/ρm = const., i.e., the frational dark energy ontribution to the total energy density is onstant. The
latter is positive if the numerator and the denominator in the expression for U∗ are either both positive or both
negative; moreover we should ensure the ondition U∗ < 1. If the numerator is positive then w > −(γ+δ) is required;
the denominator is then positive only if w > w1 = −(γ + δ) +
√
(γ + δ)2 + 3(γ − δ)2, with w1 being positive. Hene
the most interesting ase is when they both are negative, whih translates into these onditions: 1) w < −(γ + δ);
2) w > w2 = −(γ + δ) −
√
(γ + δ)2 + 3(γ − δ)2, where now w2 is negative. There are other onditions one should
impose to suh solutions, in partiular stability: we refer the reader to Ref. [11, 12℄ for the details. All the spei
ases disussed below satisfy these onditions. For simpliity we also assume w = −1 and γ = 0.
The osmi parallax onstrains the anisotropy at present, when the dark energy density is of order 74%, hene not
yet in the nal dark energy dominant attrator phase (13). Therefore it must be either on its way to suh a stage
or, alternatively, on the saling ritial solution (14). We disuss separately these two alternative senarios. In the
saling ase, in order not to produe a too long aelerated epoh in the past, we ensure that we just entering the
aelerated regime.
We map our Fisher matrix (8) with the same experimental speiations as in Table III into the new parameter
spae p = (δ, γ). Our intention is to infer the order of magnitude of the onstraints this new osmologial tool
would be able to put on the dark energy skewness parameters. We apply the parameter transformation F ′ = ATFA,
where Aij = ∂Σ0i/∂pj. If we assume that the system has just entered the saling solution, the ritial point (14)
approximately desribes the dependene of the dark energy anisotropy on the skewness parameters at present. In this
1
Notie that in [12℄ there is a spurious fator x in the phase-spae equations (8).
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Figure 5: Projeted Fisher ontours for the skewness dark energy parameters for Gaia (upper panels) and Gaia+ speiations
(lower panels). The double ontours identify 1σ and 2σ regions for ∆T = 10yrs. The dashed lines represent the ase of an
ellipsoidal universe with w = −1, U0 = 0.74 and δ = −0.1 (R0 ≃ 0.2) approahing the dark energy dominated ritial point
(where U = 1 and R∗ ≃ 0.3), while the solid lines represent an ellipsoidal universe that has just entered the saling regime,
with w = −1, U0 = 0.74 and δ = 0.5 (R∗ ≃ −0.5).
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Figure 6: Cosmologial evolution of R and U for the two ases onsidered (both with w = −1 and U0 = 0.74): {δ = −0.1 , R0 ≃
0.2} (solid lines) and {δ = 0.5 , R0 ≃ −0.5} (dashed lines).
ase we hoose for the duial model δ = 0.5 and γ = 0, namely an ellipsoidal Universe with R0 = −0.5 (see Fig 6)
and we hoose initial onditions suh that U0 = 0.74. The nal attrator value is as expeted rather lose, U0 = 0.67.
The error ontours are shown in the right panels of Fig. 5, for both Gaia and Gaia+ ongurations.
Conversely, if the expansion is driven towards a future dark energy dominated solution, equations (13) do not
represent the anisotropy parameters at present (see Fig 6). In order to derive a more appropriate funtional form for
them, we solved the linearized system (12) around solution (13) and we xed log(A) = 0 to selet the present values.
For this seond ase, results are shown in the left panels of Fig. 5. Notie that Fig 6 depits a late time expansion
history and aims just at illustrating the trend towards the ritial points from dierent values of the anisotropy
parameters (namely R = 3 in an earlier stage, but it might set to be vanishing at deoupling by time dependent
skewness parameters in spei models  see [12℄).
8The onstraints on γ and δ are in the range 10−3 ÷ 10−4. The urrent limits from SNIa data are then 2 to 3
orders of magnitude weaker [12℄ and, even if the number of supernovae will substantially inrease in the near future,
it might be hard to improve the onstraints at suh a high level beause of the integral dependene of the luminosity
distane on the skewness parameters. Therefore the osmi parallax seems to be an ideal andidate for testing the
anisotropially stressed dark energy.
The foreastings we presented in this setion do not inlude possible systemati eets. In our Fisher analysis
we just took into aount the statistial errors. Several spurious eet must be onsidered by the time real data is
available. For instane, the peuliar veloity of the objets need to be onsidered, although averaging it over a large
sample of unorrelated objets it should be possible to eliminate suh a form of bias. Furthermore, this eet dereases
with inreasing angular diameter distane to the objet [24℄. The main soure of noise however ould be due to the
aberration hange indued by our own motion. Fortunately, both the aberration hange and the observer peuliar
veloity signal have a dipolar signature whereas osmi parallax from Bianhi I models results in a superposition of
quadrupoles. Other minor eets like the temporal hanges of loal lensing and mirolensing (a parallax disturbanes
of few nanoarseonds are expeted due to the weak mirolensing [29℄), were not taken into aount, as they require
a more detail analysis, beyond the sope of this paper.
V. DISCUSSIONS
Any anisotropy will leave an imprint on the angular distribution of objets that are able to trae osmi expansion.
If suh an anisotropy is present before the last sattering surfae, the CMB map will also be aeted. The temperature
eld will arry extra anisotropies mainly aused by the angular dependene of the redshift at deoupling. By resolving
geodesi equations and expanding temperature anisotropies in spherial harmonis, it is straightforward to relate the
low multipole omponents to the eentriities of the model [12℄. In Bianhi I models the rst notable multipoles
related to the CMB are the monopole and the quadrupole. The observed value of the latter puts onstraints on the
shear at last sattering of order 10−5, taking into aount the osmi variane. These onstraints an be mapped into
either magneti eld [9℄ or anisotropi dark energy limits, depending on the soure that gives rise to the anisotropy.
In addition, one expets the eentriities to be non-vanishing if the expansion has been somewhat anisotropi at
deoupling. However it is in priniple also possible to esape detetion from CMB if eah sale fator has expanded
the same amount sine last sattering, no matter how anisotropially. Nonetheless, in all these analysis the anisotropy
pattern is diretly added to the intrinsi standard FRW perturbations, a simplisti way of treating the signal at
large sale. In this still exploratory stage of analysis it is worth stressing that CMB is indeed a very powerful
onstraint on the shear at the time of deoupling, but with almost no diret impat on late time expansion history.
Complementary to that, osmi parallax, namely the temporal hange of angular separation of distant soures, is a
diret and potentially powerful test of anisotropy at small redshifts and at present.
The anisotropi stress of dark energy is expeted to have a leading role in the generation of anisotropy at late times.
It an be parameterized by skewness parameters in the stress-energy tensor formulations, whih may be onstant
or time dependent funtions. For example a minimally oupled vetor eld satisfying quadrupole onstraints was
presented in [12℄. The only way to test these models is to use either the angular dependene of the magnitude or the
angular distribution of objets in the sky at reent time, i.e. either distant soure angular distribution or the real-time
osmi parallax, the two relying on dierent tehniques and having independent systematis that omplement eah
other.
We adopted a simple phenomenologial model to desribe late-time expansion of the universe, lled by pressureless
matter and an anisotropially stressed dark energy omponent with two extra degrees of freedom, namely the skewness
parameters. No matter what the evolution of both energy densities and shears was at high redshifts, we have shown
that Gaia will be able to onstrain the skewness parameters up to 10−3 ÷ 10−4 at 2σ, omparable to CMB tests at
deoupling time, and 2÷3 orders of magnitude better than urrent supernovae Ia limits [12℄ (a Gaia+ experiment
would improve them by one order of magnitude).
In this paper we disussed in detail the real-time tehnique; before onluding we omment briey on the possibility
of testing anisotropy through the aumulated eet on distant soure (galaxies, quasars, supernovae) distribution.
If soures shifts by as muh as 0.1µas/year during the dark energy dominated regime, then the aumulated shift
will be of the order of 1 armin in 109years and up to fration of a degree in the time from the beginning of aeleration
to now. If the initial distribution is isotropi, this implies that soures in one diretion will be denser than in an
orthogonal diretion by roughly 1/90 ≈ 10−2. This anisotropy ould be seen as a large-sale feature on the angular
orrelation funtion of distant soures, where we expet any intrinsi orrelation to be negligible. The Poisson noise
beome negligible for N ≫ 104: for instane, a million quasars ould be suient to detet the signal. Although
the impat of the seletion proedure and galati extintion is unertain, this bak-of-the-envelope alulation shows
9that the real-time eet ould be omplemented by standard large-sale angular orrelation methods
2
.
While nalizing this manusript another work analysing the osmi parallax in Bianhi I models ame out [25℄.
Our work diers in many aspets. In [25℄ the authors foused on the shear in models that isotropize, that is on
solutions of the shear dynamial equations that are dereasing funtion of time. Hene the fat that they nd a
signal substantially lower than ours is not surprising. In fat, in [25℄ the bakground is desribed by a ΛCDM model
where the non-FRW quantities are driven by a onstant equation of state. The analysis is restrited to ellipsoidal
universes, where the dependene on the azimuthal angle is dropped and the signal is a pure quadrupole. Furthermore
in order to aomplish foreasting we have performed a Fisher Matrix analysis of the signal ontemplating two dierent
experimental sets, Gaia and Gaia+.
More in general, we have shown that, dierently from LTB models with o-entre observers [24℄, the osmi parallax
signal in Bianhi I models is a ombination of two quadrupole funtions of the two angular oordinates. Sine the
most important systemati noises, aused by peuliar veloities and aberration hanges, have a dipolar funtional
form, Bianhi I models seem to be ideally testable, though even in LTB models spei observational strategy aiming
at distinguishing the signal from the noise are possible [24℄.
Assuming that null geodesis are radial, we have provided an analytial expression for the osmi parallax in
general Bianhi I models. This assumption is motivated by a diret numerial alulation of the geodesi for a soure
at redshift z = 1 (see Appendix A).
CMB and osmi parallax detet anisotropy at two dierent times and, from an observational point of view, are
ompletely independent on eah other: ombining them together one will have the opportunity to reonstrut the
evolution of the anisotropy and test with high auray the Copernian Priniple.
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Appendix A: GEODESIC EQUATIONS
Restriting for simpliity to two dimensions, partiularly to the (X,Y) plane (where θ = π/2), we now want to
hek whether negleting the urvature of null geodesi equations onsiderably aets our results. Photons follow
trajetories that are desribed by the ensuing equations:
X ′′ = −2HXt′p (A1)
Y ′′ = −2HY t′q (A2)
z′ = − (1 + z)
t′
(a2HXp+ b
2HY q), (A3)
with the additional onstraint t′2 = a2p+ b2q (note that here z is the redshift, not to be onfused with the oordinate
Z). Here primes denote derivative with respet to the ane parameter λ.
In order to solve system (A1-A3), the sale fators as funtions of time are required and hene one has to ouple
to it the dynamial equations. Sine we are integrating bakward from the observer position to the soure loation,
typially at redshift of order 1, we need to evaluate these funtions in these redshift range. We adopt the linearized
solution of the dynamial system (12) in the viinity of the ritial point (13): in this way we take into aount the
eet of the shear arising from an anisotropially stressed dark energy. The linearized equation for the anisotropy
parameters with δ = γ = −0.1 and w = −1 are:
S(A) = 0.27− 0.40A−3.50 + 0.38A−3.27 (A4)
R(A) = 0.27− 0.07A−3.27 (A5)
U(A) = 1− 0.26A−3.27.
The full set of equations with S(A), R(A) and U(A) is then :
2
We are indebted to an anonymous referee for this suggestion.
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Figure 7: Geodesi bending for a soure at z = 1 in the X-Y  plane for the the dynamial system (12) in the viinity of the
ritial point (13) in four dierent ases: photons arriving at φ0 = 90
o
(along the Y -axis), φ0 = 45
o
, φ0 = 22.5
o
and φ0 = 0
o
(along the X-axis). The total deviation is always less than 7%, whih validates the straight geodesis approximation.
X ′ = p Y ′ = q (A6)
p′ = −2H(A)
(S + 3 +R
3
)
p t′ (A7)
q′ = −2H(A)
(S + 3− 2R
3
)
q t′ (A8)
z′ = − (1 + z)
t′
H(A)
[
a2(A)
(S + 3 +R
3
)
p+ b2(A)
(S + 3− 2R
3
)
q
]
(A9)
t′2 = a2(A)p+ b2(A)q (A10)
a(A) = exp
[ ∫ A
1
(S + 3 +R
3
)dA′
A
]
(A11)
b(A) = exp
[ ∫ A
1
(S + 3− 2R
3
)dA′
A
]
(A12)
( A˙
A
)2[
1− 2
9
(S2 +R2 −RS)
]
= H20 (Ωm0A
−3 +Ω0DEA
−3(1+w+δ+γ)). (A13)
Results for a soure loated at z=1 are shown in Fig. 7.
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